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It is proved in this paper that for a continuous B-domain L, the function space [X → L] is
continuous for each core compact and coherent space X . Further, applications are given. It
is proved that:
(1) the function space from the unit interval to any biﬁnite domain which is not an L-
domain is not Lawson compact;
(2) the Isbell and Scott topologies on [X → L] agree for each continuous B-domain L and
core compact coherent space X .
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1. Introduction and preliminaries
For a continuous dcpo L and core compact space X , we write [X → L] for the set of all continuous mappings from X
to L. It is interesting to consider the continuity of the function space [X → L]. A. Jung [1] showed that for a continuous
domain X and a continuous domain L with smallest element, if [X → L] is continuous, then X is Lawson compact or L is
an L-domain. Liu and Liang [7] proved that a dcpo L is a continuous L-domain if and only if [X → L] is continuous for all
core compact spaces X .
In view of these results, the following interesting problem is considered: characterize those continuous (algebraic) dcpo’s
L for which [X → L] is continuous for all core compact and coherent spaces X .
Plotkin [9], Smyth [10] and Jung [4] studied the Cartesian closedness of the category of biﬁnite domain. In this paper, we
prove that for each biﬁnite domain L, the function space [X → L] is continuous for any core compact and coherent space X .
Since the continuous B-domains are the retractions of the biﬁnite domains, we obtain that the function spaces from core
compact and coherent spaces to continuous B-domains are continuous. Further, we give an example and show that the
function space from the unit interval to any biﬁnite domain which is not an L-domain is not Lawson compact. Finally, we
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compact coherent space X .
We quickly recall some basic notions concerning continuous dcpo and function spaces (see e.g. Abramsky and Jung
[1–3,5]). A dcpo L is a poset such that every directed set D of L has a least upper bound in L. For x, y ∈ L, x  y holds
if for each directed set D ⊆ L with y  ∨ D , one has that x  d for some d ∈ D . We write ↓x = {y ∈ L | y  x} and
↑x = {y ∈ L | x  y}. We use ⇓x (⇑x) to denote the set {y ∈ L | y  x} ({y ∈ L | x  y}, respectively). If x  x, then x is
called a compact element in L. The set of all compact elements in L is denoted by K (L). A dcpo L is called a continuous
domain (algebraic domain) if ⇓x (⇓x ∩ K (L), respectively) is directed and sup⇓x = x (sup(⇓x ∩ K (L)) = x, respectively) for
every x ∈ L. A dcpo L is called an L-domain if for all x ∈ L the set ↓x is a complete lattice. If L is simultaneously a complete
lattice and a continuous dcpo, then L is called a continuous lattice. Throughout the paper, X always denotes a topological
space and Ω(X) its open set lattice. X is called core compact if Ω(X) is a continuous lattice. A dcpo L, as a topological space,
is always equipped with the Scott topology σ(L). The Lawson topology of L is the topology taking {U\↑x | U ∈ σ(L), x ∈ L}
as a subbase for the open sets. We call L Lawson compact or compact if L is a compact space with the Lawson topology.
[X → L] stands for the set of all continuous functions from X to dcpo L. It is again a dcpo with the pointwise order.
For a dcpo L with smallest element ⊥, A ∈ Ω(X), a ∈ L, the step function A ↘ a : X → L is deﬁned by
(A ↘ a)(x) =
{
a, x ∈ A,
⊥, x /∈ A.
Deﬁnition 1.1. (See [1].) In any topological space X , those sets which are intersections of their open neighbourhoods are
called saturated. A space is called coherent if it is sober and the intersection of any two compact saturated subsets is
compact.
2. Function spaces from core compact coherence spaces to biﬁnite domains
Deﬁnition 2.1. (See [4].) Let L be a poset. We say that L has property m, if for each ﬁnite set A of L the set mub(A) of
minimal upper bounds of A is complete, that is, for each x A there is a minimal upper bound y of A with y  x.
L is said to have property M if L has property m and if the set of minimal upper bounds of each ﬁnite subset is ﬁnite.
Given a poset L with property m and a subset A ⊆ L, let
U0(A) = A,
Un+1(A) = {x ∈ L ∣∣ ∃F ⊆ﬁn Un(A), x ∈mub(F )},
U∞(A) =
∞⋃
n=0
Un(A),
where F ⊆ﬁn Un(A) means that F is a nonempty ﬁnite subset of Un(A).
Deﬁnition 2.2. (See [4].) An algebraic dcpo L with smallest element is called biﬁnite domain if mub(A) is complete and
U∞(A) is ﬁnite for each ﬁnite subset A of K (L). The retractions of biﬁnite domains are called continuous B-domains.
In order to show that the function spaces from core compact coherent spaces to biﬁnite domains are continuous, we
need the following deﬁnition.
Deﬁnition 2.3. Suppose that X is a topological space and L is a dcpo with smallest element. The set {(V i,ai) | i ∈ I} is called
joinable if {ai | x ∈ Vi, i ∈ I} is directed for any x ∈ X , where for each i ∈ I , Vi ∈ Ω(X), ai ∈ L.
Suppose that {(Vi,ai) | i ∈ I} is joinable. We deﬁne a mapping h : X → L as follows:
∀x ∈ X, h(x) =
∨
{ai | x ∈ Vi, i ∈ I}.
We say that the function h is generated by the set {(Vi,ai) | i ∈ I}.
Lemma 2.4. Let X be a core compact and coherent space, L a biﬁnite domain with smallest element and f ∈ [X → L]. For any ﬁnite
set of step functions {Vi ↘ ai}i∈I0 such that V i  f −1(↑ai) for each i ∈ I0 and {ai | i ∈ I0} ⊆ K (L), there exists h ∈ [X → L] such that
h is an upper bound of {Vi ↘ ai}i∈I0 and h  f .
Proof. Suppose that A = {ai | i ∈ I0} ⊆ K (L). Let Vi = Vi0 , ai =mi0 for each i ∈ I0 and
A0 = {(Vi0 ,mi0) ∣∣ i0 ∈ I0}, V 0(A) = {mi0 | i0 ∈ I0}.
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Φ0 =
{
F ⊆ I0
∣∣ |F | = 2= ∣∣{mi0 ∣∣ i0 ∈ F}∣∣},
where |F | stands for the cardinal number of F .
For any F ∈ Φ0, since X is coherent, we have⋂
i0∈F
V i0 
⋂
i0∈F
f −1(↑mi0) =
⋃{
f −1
(↑m1F ) ∣∣m1F ∈mub({mi0 ∣∣ i0 ∈ F})}.
Note that mub({mi0 | i0 ∈ F }) is ﬁnite as L is a biﬁnite domain. By the core compactness of X , for any m1F ∈ mub({mi0 |
i0 ∈ F }), there is Vm1F ∈ Ω(X) such that Vm1F  f
−1(↑m1F ) and⋂
i0∈F
V i0 ⊆
⋃{
Vm1F
∣∣m1F ∈mub({mi0 ∣∣ i0 ∈ F})}.
It follows that⋂
i0∈F
V i0 =
( ⋂
i0∈F
V i0
)
∩
(⋃{
Vm1F
∣∣m1F ∈mub({mi0 ∣∣ i0 ∈ F})})
=
⋃{( ⋂
i0∈F
V i0
)
∩ Vm1F
∣∣m1F ∈mub({mi0 ∣∣ i0 ∈ F})
}
.
So we can suppose that⋂
i0∈F
V i0 =
⋃{
Vm1F
∣∣m1F ∈mub({mi0 ∣∣ i0 ∈ F})},
where for any m1F ∈mub({mi0 | i0 ∈ F }), Vm1F  f
−1(↑m1F ).
Then we write
A1 = {(Vm1F ,m1F ) ∣∣ F ∈ Φ0, m1F ∈mub({mi0 ∣∣ i0 ∈ F})}.
For convenience, suppose that
A1 = {(Vi1 ,mi1) ∣∣ i1 ∈ I1}.
Let
V 1(A) = {mi1 ∣∣ i1 ∈ I1}.
Clearly, V 1(A) ⊆ U1(A).
Inductively, suppose that for each 1 k n we have obtained
Ak = {(Vik ,mik ) ∣∣ ik ∈ Ik}, V k(A) = {mik ∣∣ ik ∈ Ik}
satisfying Vik  f −1(↑mik ) for each ik ∈ Ik , V k(A) ⊆ Uk(A).
In order to deﬁne An+1, let
Φn =
{
F ⊆ In
∣∣ |F | = 2= ∣∣{min ∣∣ in ∈ F}∣∣}.
For any F ∈ Φn , we have⋂
in∈F
V in 
⋂
in∈F
f −1(↑min ) =
⋃{
f −1
(↑mn+1F ) ∣∣mn+1F ∈mub({min ∣∣ in ∈ F})}.
By the core compactness of X , similar to the construction of A1, for any mn+1F ∈ mub({min | in ∈ F }), we can take
Vmn+1F
∈ Ω(X) such that Vmn+1F  f
−1(↑mn+1F ) and⋂
in∈F
V in =
⋃{
Vmn+1F
∣∣mn+1F ∈mub({min ∣∣ in ∈ F})}.
We deﬁne
An+1 = {(Vmn+1F ,mn+1F ) ∣∣ F ∈ Φn, mn+1F ∈mub({min ∣∣ in ∈ F})}.
For convenience, denote it by
An+1 = {(Vin+1 ,min+1) ∣∣ in+1 ∈ In+1}.
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V n+1(A) = {min+1 ∣∣ in+1 ∈ In+1}.
Clearly, V n+1(A) ⊆ Un+1(A). For each n ∈ N , we have obtained An and V n(A) satisfying Vin  f −1(↑min ) for each in ∈ In ,
V n(A) ⊆ Un(A).
Let A∞ =⋃{An | n ∈ N}. We claim that there is n0 ∈ N such that An0 = ∅, hence A∞ is ﬁnite.
In fact, by the construction of An and V n(A) we can see for any n1,n2 ∈ N , if n1 = n2, then min V n1 (A)∩min V n2 (A) = ∅,
where min V n1 (A) and min V n2 (A) are the set of minimal elements of V n1 (A) and V n2 (A), respectively. Since for any n ∈ N ,
V n(A) ⊆ Un(A) and U∞(A) is ﬁnite, there is n0 ∈ N such that for any n  n0, V n(A) = ∅. From this it follows that An = ∅
for any n n0.
We show that A∞ is joinable. It is suﬃcient to show that for any x ∈ X , the set
C = {m ∣∣ ∃(V ,m) ∈ A∞, x ∈ V }
is directed.
Suppose that min11
,min22
∈ C such that min11 and min22 are incomparable. Then there are (Vin11 ,min11 ) ∈ A
n1 , (Vin22
,min22
) ∈ An2
and x ∈ Vin11 ∩ Vin22 . We consider two cases as follows:
(1) Case one: If n1 = n2, then (Vin11 ,min11 ), (Vin12 ,min12 ) ∈ A
n1 , F = {in11 , in22 } ∈ Φn1 . By the construction of An1+1, we have⋂
in1∈F
V in1 =
⋃{
V
m
n1+1
F
∣∣mn1+1F ∈mub({min1 ∣∣ in1 ∈ F})},
where (V
m
n1+1
F
,mn1+1F ) ∈ An1+1. So there is (Vmn1+1F ,m
n1+1
F ) ∈ An1+1 such that x ∈ Vmn1+1F , hence m
n1+1
F is an upper bound
of min11
and min12
in C ;
(2) Case two: If n1 = n2, we suppose n1 < n2.
By x ∈ Vin11 ∩ Vin22 and n1 < n2 we claim there is (Vin10 ,min10 ) ∈ A
n1 such that x ∈ Vin10 and min10 =min11 . Otherwise, from
the construction of An1+1, it follows for any (Vi,mi) ∈ An1+1, x /∈ Vi . Inductively, we can show that for any (Vi,mi) ∈ An2 ,
x /∈ Vi . This contradicts x ∈ Vin22 . So by Case (1) there is (Vin1+10 ,min1+10 ) ∈ A
n1+1 such that x ∈ V
i
n1+1
0
, m
i
n1+1
0
min11 . Similarly,
for any 1  k  n2 − n1, we can get (Vin1+k0 ,min1+k0 ) ∈ A
n1+k such that x ∈ V
i
n1+k
0
, m
i
n1+1
0
min11 , min1+k0
m
i
n1+(k−1)
0
(k  2).
Since min11
and min22
are incomparable, min22
= min20 . By Case (1) there is (Vin2+10 ,min2+10 ) ∈ A
n2+1 such that x ∈ V
i
n2+1
0
and
m
i
n2+1
0
min22 ,min20 , therefore, min2+10
min11 . The directedness of C is proved.
We deﬁne h : X → L as follows:
h(x) =
∨{
m
∣∣ ∃(V ,m) ∈ A∞, x ∈ V }, ∀x ∈ X .
h is the function generated by A∞ . We have to show that h is continuous and h  f .
Suppose b ∈ K (L), x ∈ X . We have
h(x) b ⇔
∨{
m
∣∣ ∃(V ,m) ∈ A∞, x ∈ V } b
⇔ ∃(V ,m) ∈ A∞, x ∈ V and m b.
Hence
h−1(↑b) =
⋃{
V
∣∣ ∃(V ,m) ∈ A∞, m b}.
Thus the continuity of h is proved. In order to show h  f , we take a family of directed functions { f j} j∈ J such that
f 
∨
j∈ J f j . For all b ∈ im(h) and (V ,m) ∈ A∞ with m b, we have
V  f −1(↑m) ⊆ f −1(↑b) ⊆
⋃
j∈ J
f −1j (↑b).
Since A∞ is ﬁnite, there exists jb ∈ J such that h−1(↑b) ⊆ f −1jb (↑b). Since im(h) is ﬁnite, there exists j0 ∈ J such that
h−1(↑b) ⊆ f −1j0 (↑b) for any b ∈ im(h). Therefore, h(x) f j0 (x) for any x ∈ X , thus h  f is proved.
Clearly h is an upper bound of {Vi ↘ ai}i∈I0 . Thus the proof of the lemma is completed. 
Theorem 2.5. Suppose that X is a core compact and coherent space and L a biﬁnite domain, then [X → L] is continuous.
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h
∣∣ h is generated by the joinable family {(Vi,mi)}i∈I0 , Vi  f −1(↑mi), mi  f (xi),
where I0 is ﬁnite, Vi ∈ Ω(X), mi ∈ K (L), xi ∈ X
}
.
By Lemma 2.4 the above set is directed. It is easy to see that the supremum of this set is f . So [X → L] is continuous. 
Since the retraction of a continuous dcpo is again continuous, we have the following result.
Conclusion 2.6. For a continuous B-domain L, [X → L] is continuous for any core compact and coherent space X .
3. Application
Liang and Keimel [6] considered the Lawson compactness of function spaces for L-domains. If L is a biﬁnite domain
which is not an L-domain and X is a core compact coherent space, it is natural to ask if the function space is Lawson
compact [8]. An example is given and shows that the answer is no.
Theorem 3.1. (See [1].) Suppose that L is a continuous domain with smallest element. Then L is Lawson compact if and only if for any
a,b, c,d ∈ L with a  c,b  d, there is a ﬁnite set F ⊆ ⇑a ∩⇑b such that ⇑c ∩⇑d ⊆⋃x∈⇑F ⇑x.
Example 3.2. Suppose that I is the unit interval with the subspace topology on the real line. L = {⊥,,a1,a2,b1,b2} ordered
by: ,⊥ are the largest element and the smallest element, respectively; b1,b2 < a1,a2, a1 and a2 are incomparable; b1 and
b2 are incomparable.
By Theorem 2.5 the function space [I → L] is continuous. We show that [I → L] is not Lawson compact.
Let U = (0,4/5), V = (1/5,1), U ′ = V ′ = (1/4,3/4). We can see
U ′ ↘ b1  U ↘ b1, V ′ ↘ b2  V ↘ b2.
Suppose that A0 = (1/2,5/8), A1 = (5/8,11/16) and An = (1/4+∑ni=0 122+i ,1/4+∑n+1i=0 122+i ), for all n ∈ N . It is easy to see
that An ∩ Am = ∅ if n =m. Clearly, An ⊂ U ′ . Let xn = 1/4+∑ni=0 122+i , yn = 1/4+∑n+1i=0 122+i , An = (xn, yn). For any n ∈ N ,
we construct an upper bound fn of U ↘ b1 and V ↘ b2 as follows:
fn(x) =
⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩
b1, x ∈
(
0,1/5],
b2, x ∈ [4/5,1
)
,
a1, x ∈
(
1/5, xn],
a2, x ∈ [yn,4/5
)
,
, x ∈ An.
It is easy to show that fn is continuous.
If [X → L] is Lawson compact, then there is a ﬁnite set F such that F ⊆ ub{U ′ ↘ b1, V ′ ↘ b2} and ub{U ′ ↘ b1, V ′ ↘
b2} ⊆ ⇑F . Therefore, for any fn , there is cn ∈ F such that cn  fn .
When x ∈ U ′ , since cn  U ′ ↘ b1, V ′ ↘ b2, cn(x) > b1,b2. Since cn  fn, we have cn(x) = a1 when x ∈ (1/4, xn]. When
x ∈ [yn,3/4), cn(x) = a2. If for any x ∈ An , cn(x) = a1, then c−1n (↑a2) is not open. So there is x ∈ An such that cn(x) = a1.
Now let n1,n2 ∈ N with n1 = n2. With our restriction suppose that n1 < n2. When x ∈ An1 , then x ∈ (1/4, xn2 ), so
cn2(x) = a1. By the above proof, there is x ∈ An1 such that cn1 (x) = a1, therefore, cn1 = cn2 . It contradicts the ﬁniteness
of F . Hence [I → L] is not Lawson compact.
Theorem 3.3. The function space from the unit interval to any biﬁnite domain which is not an L-domain is not Lawson compact.
Proof. Each biﬁnite domain which is not an L-domain has L that is in the above example as retraction [4]. Since Lawson
compactness is closed with respect to the retraction, by the above example the theorem holds. 
Liang and Liu [7] showed that for bounded complete continuous domain L, the Isbell and Scott topologies on [X → L]
agree for any core compact space X . We show that the Isbell and Scott topologies on [X → L] agree for each continuous
B-domain L and core compact coherent space X .
Recall that the Isbell topology on [X → L], written Is[X → L], means the topology obtained by taking as a subbase for
the open sets all sets of the form
N(H, V ) = { f ∈ [X → L] ∣∣ f −1(V ) ∈ H},
where H is a Scott open set in Ω(X) and V is a Scott open set in L. The Scott topology on [X → L] is denoted by σ [X → L].
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Proof. We only need to show that σ [X → L] ⊆ Is[X → L]. Taking an arbitrary g ∈ [X → L], we show that ⇑g is Isbell open.
For any f ∈ ⇑g , it follows from Theorem 2.5 that there is h0 ∈ [X → L] such that g  h0  f and h0 is generated by the
joinable family {(Vi,mi)}i∈I0 , where Vi  f −1(↑mi), mi  f (xi), I0 is ﬁnite, Vi ∈ Ω(X), mi ∈ K (L), xi ∈ X .
Let
E =
⋂{
N(⇑Vi,↑mi)
∣∣ i ∈ I0},
then E is an Isbell open set containing f . For each h ∈ E , it is easy to see that h0  h, and hence f ∈ E ⊆ ⇑g . By the
arbitrarity of f , ⇑g is Isbell open. 
In order to show that the above theorem still holds for continuous B-domain, we need the following lemma.
Lemma 3.5. Suppose that X is a topological space and L is a continuous domain. If Is[X → L] = σ [X → L] and E is a retraction of L,
then Is[X → E] = σ [X → E].
Proof. Since Is[X → E] ⊆ σ [X → E], we only need to show that σ [X → E] ⊆ Is[X → E]. Since E is a retraction of L, there
are continuous mappings s : L → E and r : E → L such that s ◦ r = idE . Deﬁne two mappings S : [X → L] → [X → E] and
R : [X → E] → [X → L] as follows:
∀ f ∈ [X → L], S( f ) = s ◦ f ,
∀g ∈ [X → E], R(g) = r ◦ g.
It is easy to show that S and R are continuous and S ◦R = id[X→E] . Suppose that U ⊆ [X → E] is a nonempty Scott open
set, then
U = id−1[X→E](U ) = (S ◦ R)−1(U ) = R−1 ◦ S−1(U ).
Since S−1(U ) ∈ σ [X → L] and Is[X → L] = σ [X → L], S−1(U ) ∈ Is[X → L]. For any f ∈ S−1(U ), there are ﬁnitely many pairs(
H f1 , V
f
1
)
,
(
H f2 , V
f
2
)
, . . . ,
(
H fk f , V
f
k f
)
such that
f ∈
k f⋂
i=1
N
(
H fi , V
f
i
)⊆ S−1(U ),
where H fi is a Scott open set in Ω(X), V
f
i is a Scott open set in L.
N
(
H fi , V
f
i
)= { f ∈ [X → L] ∣∣ f −1(V fi ) ∈ H fi }
is an Isbell basic open set, where i = 1,2, . . . ,k f .
U = R−1 ◦ S−1(U )
= R−1
( ⋃
f ∈S−1(U )
k f⋂
i=1
N
(
H fi , V
f
i
))
=
⋃
f ∈S−1(U )
k f⋂
i=1
R−1
(
N
(
H fi , V
f
i
))
.
We show that each R−1(N(H fi , V
f
i )) is an Isbell open set in [X → E]. Note that
g ∈ R−1(N(H fi , V fi )) ⇔ R(g) ∈ N(H fi , V fi )
⇔ r ◦ g ∈ N(H fi , V fi )
⇔ (r ◦ g)−1(V fi ) ∈ H fi
⇔ g−1 ◦ r−1(V fi ) ∈ H fi
⇔ g ∈ N(H f , r−1(V f )).i i
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f
i )) = N(H fi , r−1(V fi )). Since r is Scott continuous, r−1(V fi ) is Scott open. We have N(H fi , r−1(V fi )) ∈
Is[X → E] and U is Isbell open. We proved that Is[X → E] = σ [X → E]. 
By the above lemma and Theorem 3.4, it is straightforward to get the following result.
Theorem 3.6. Suppose that X is a core compact coherent space and L is a continuous B-domain, then Is[X → E] = σ [X → E].
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